If the monochromatic graphs G 1 and G 2 in a 2-edge-coloured complete graph Km (m¿6) are connected, then there exist at least two vertices x such that the graphs G 1 \ x and G 2 \ x are also connected. Similar theorems are proved for k-edge-coloured complete graphs. They generalize earlier results of Idzik et al. [Discrete Math. 66 (1987) 119 -125]. Examples are shown that analogous theorems are no longer true for 3-uniform complete hypergraphs.
Introduction and preliminaries
All graphs considered in this paper are ÿnite simple graphs, i.e. graphs without loops, multiple edges or directed edges. For a graph G = (V; E), where V is a vertex set and E is an edge set, we write sometimes V (G) for V and E(G) for E to avoid ambiguity. We shall write G \ v instead of G V \ {v} =(V \{v}; E ∩2 V \ {v} ), the subgraph induced by V \{v}. A vertex v ∈ V (G) is called a cut-vertex of G if G is connected and G \ v is not. By a k-edge-colouring of a graph we mean any ÿnite partition of the set of its edges into k subsets. A graph (V; E) with a given k-edge-colouring (E 1 ; : : : ; E k ) (E i ∩E j =∅ for i = j; i; j ∈ {1; : : : ; k} and i∈{1; :::; k} E i = E) is denoted by (V; E 1 ; : : : ; E k ). The graphs (V; E i ) are called the monochromatic subgraphs of (V; E 1 ; : : : ; E k ); i ∈ {1; : : : ; k}. As usual, by K m and P m we denote the complete graph and the path with m vertices, respectively. The cardinality of a set X is denoted by |X |.
We prove that, under various conditions on the (dis)connectedness of monochromatic subgraphs, there exist at least two vertices such that the removal of any one of them does not destroy the property in question. These theorems, formulated and proved in the next two sections, strengthen former results of Idzik et al. [3] . Similar problems were considered by Bate [1] and Gurvich [2] , too.
In the last section we present a couple of constructions showing that the analogous results are no longer valid in 3-uniform hypergraphs.
There seems to occur an interesting analogy between simplicial vertices of chordal graphs and vertices in connected 2-edge-coloured of complete graphs of order at least 6 whose removal keeps the colouring connected. In either case, there exist at least two (but not always three) vertices of that type, and an elimination order can be deÿned in a natural way. It would be interesting to explore this property further, and investigate its algorithmic and structural consequences.
2-edge-coloured complete graphs
In this section we prove the following Theorem 2.1. Suppose that both monochromatic subgraphs G 1 = (V; E 1 ) and G 2 = (V; E 2 ) of a 2-edge-coloured complete graph K m = (V; E 1 ; E 2 ) are connected; and m = |V |¿6. Then there exist at least two vertices x such that both G 1 \ x and G 2 \ x are connected.
Proof: We will consider three cases:
(1) If G 1 is a 2-connected graph, then a spanning tree in G 2 has at least two leaves and each of them can be chosen as x.
(2) If the diameter of G 1 is at least 4, we consider any pair x; x of vertices at maximum distance in G 1 . Then G 1 \ x is connected, and in G 2 each v ∈ V is joined to x or to the neighbor x of x on a shortest x-x path in G 1 . Thus, {x ; x } is a dominating edge in G 2 , therefore G 2 \ x is connected, too. The same arguments can be used to show that both G 1 \ x and G 2 \ x are connected. (3) Now, let us choose a cut-vertex x in G 1 and deÿne a vertex partition
A is the set of vertices y ∈ V (G 1 \ x) with {x; y} ∈ E(G 1 ) for which there is no z ∈ V (G 1 \ x) such that {y; z} ∈ E(G 1 ) and {z; x} ∈ E(G 1 ); B is the set of vertices y ∈ V (G 1 \ x) with {x; y} ∈ E(G 1 ) for which there is a z ∈ V (G 1 \ x) such that {y; z} ∈ E(G 1 ) and {z; x} ∈ E(G 1 ); C is the set of vertices z ∈ V (G 1 \ x) such that {x; z} ∈ E(G 1 ). Let us observe that C = ∅ because the graph G 2 is connected. We see that there exists such x ∈ V (G 1 ), otherwise the case (1) works. Furthermore, set B dominates set C, otherwise G 1 has diameter at least 4 and case (2) works. Also, A = ∅, otherwise C meets at least two components of G 1 \ x, and case (2) applies again. If |A| ¿ 1, then each a ∈ A is a non-cut-vertex of both G 1 and G 2 , because each a ∈ A dominates B ∪ C in G 2 and x is joined to C in G 2 . If |C| ¿ 1, then each c ∈ C is a non-cut-vertex of G 1 and G 2 for similar reasons as above. In the ÿnal case: |A| = |C| = 1, we have |B|¿3 because |V |¿6. Now, B contains at most |C| = 1 cut-vertex of G 1 , therefore at least two v ∈ B are non-cut-vertices of G 1 . Neither of them is a cut-vertex in G 2 either, for the same reasons as given previously.
Remark 2.2.
Observe that Theorem 2.1 is tight. The assertion is not valid for the 2-edge-coloured graph (V; E 1 ; E 2 ) with |V | = 5 (see Fig. 2 ). There are 2-edge-coloured complete graphs with exactly two vertices which are non-cut-vertices of G 1 , e.g. in
k-edge-coloured complete graphs
This section contains three theorems on the connectedness of monochromatic subgraphs of k-edge-coloured complete graphs, for general k¿2. We shall use the following notation:
Given a k-edge-coloured graph G =(V; E 1 ; : : : ; E k ), we deÿne
, where E = i∈{1; :::; k} E i and i ∈ {1; : : : ; k}. Here G i is a monochromatic subgraph of G and G i its complement in G.
Theorem 3.1. Let (E 1 ; : : : ; E k ) be a k-edge-colouring of K m (k¿2; m¿5); such that all the graphs G 1 ; : : : ; G k are disconnected. Then there exist at least two vertices x such that all the graphs G 1 \ x; : : : ; G k \ x are disconnected.
Proof: By Lemma 4 in [3] , there exists at least one vertex v with this property. Assume that, for any vertex w ∈ K m and w = v, G i \ w is connected for some i ∈ {1; : : : ; k}. Since G i is disconnected, w must be the only isolated vertex of G i . Thus, for every x = w, G i \ x must be disconnected, and di erent vertices w = v deÿne di erent connected graphs G i(w) \ w having at least m − 2 edges each. This implies k¿m − 1 and
, contradicting the assumption m¿5.
To prove the second theorem, we need the following Lemma 3.2 (Lemma 2 in Idzik et al. [3] ). If (V; E) is a complete graph; then for every subset E 1 ⊂ E at least one of the graphs (V; E 1 ); (V; E \ E 1 ) is connected. Proof: If the graph G j is connected for some j6k, we consider the edge partition withẼ 1 = E j andẼ 2 = F j , and apply Theorem 2.1. Each of the vertices x which is a cut-vertex of neither G j nor G j is the vertex required: it is not a cut-vertex of any G i (i ∈ {1; : : : ; k}), since for every i = j; E j ⊂ F i . In the case where none of the graphs G i (i ∈ {1; : : : ; k}) is connected, our theorem follows from Theorem 3.1: if for some x ∈ V (K m ) all the graphs G i \ x (i ∈ {1; : : : ; k}) are disconnected, then all the graphs G i \x (i ∈ {1; : : : ; k}) are connected (by Lemma 3.2).
Theorem 3.3 is also true when multiple edges are allowed. This fact will follow from a more general result in which we assume that a colouring (E 1 ; : : : ; E k ) of G = (V; E) is a covering of E rather than a partition. Theorem 3.4. Let E 1 ; : : : ; E k be subsets of E(K m ); m¿6; such that i∈{1; :::; k} E i = E; and let F i = j =i E j . If all the graphs G i = (V (K m ); F i ) are connected (i ∈ {1; : : : ; k}); then there exist at least two vertices of K m which are not cut-vertices of any G i .
Proof:
If the graph G i is connected for some i (i ∈ {1; : : : ; k}), we apply exactly the same argument as in the proof of Theorem 3.3. If all the graphs G i are disconnected, the proof is obvious. 1 and 1 in [3] ).
3-uniform complete hypergraphs
We present some examples showing that results analogous to Theorem 2.1 are no longer true for 3-uniform complete hypergraphs, for two di erent types of connectedness. We consider edge partitions of K 3 m , the complete 3-uniform hypergraph of order m, whose edge set consists of all 3-element subsets of an m-element vertex set. If the vertex set V has to be emphasized, we shall write K 3 m (V ) to denote the collection of all 3-subsets of V (|V | = m).
As in the graph case, a (ÿnite) partition of the edges of K 3 m into k subsets will be termed k-edge-colouring. If the hypergraph has vertex set V and edge set E, a given k-edge-colouring (E 1 ; : : : ; E k ) is denoted by (V; E 1 ; : : : ; E k ). The hypergraphs (V; E i ) are called the monochromatic subhypergraphs of the hypergraph (V; E 1 ; : : : ; E k ), i ∈ {1; : : : ; k}.
We say that a 3-uniform hypergraph H 3 = (V; E) is connected, if for each pair of vertices x and y, there is a path of edges, P := (e 1 ; : : : ; e n ); e i ∈ E (16i6n), such that x ∈ e 1 ; y ∈ e n , and |e i ∩ e i+1 |¿1 for all i ¡ n. Moreover, we call H 3 = (V; E) strongly connected, if for any two vertex pairs e ; e ⊂ V there exists a sequence of edges, P := (e 1 ; : : : ; e n ); e i ∈ E (i6n), such that e ⊂ e 1 ; e ⊂ e n and |e i ∩ e i+1 | = 2 for all 16i ¡ n.
We shall write
is (strongly) connected and H 3 \ v is not. It is easy to observe that the connectivity of subhypergraphs in a 2-edge-coloured 3-uniform complete hypergraph is not su cient for the existence of non-cut-vertices: we can take e.g. m = |V | = 2t + 1 and choose t + 1 edges (triples) in the ÿrst colour class. If the subhypergraph (V; E 1 ) chosen in this way is connected, then each v ∈ V is a cut-vertex in it. Hence, every 3-uniform 'tree' of this type provides us with a counterexample.
The counterexamples with strongly connected subhypergraphs are slightly more complicated. 
j } : 16i ¡ j6n unless (i; j) = (1; n), and (i; j) = (n; 1)} (see Fig. 3 for H 3; 6 ). One can easily check that the subgraphs H Example 4.2. It is a general construction for 3-uniform hypergraphs, k-edge-coloring for any k ¿ 1, every class is strongly connected and the removal of any vertex destroys the strong connectivity in each of the ÿrst k −1 color classes. The idea is the 'cycle' for each color, but we shall take only one vertex class (do not need 3 or more sets) -we choose n, the number of vertices, to be a power of 2 and su ciently large -arrange the vertices in a cyclic order 123 : : : n -the speciÿed 'cycles' for the color classes are the 'diagonals' of length 1; 3; 5; : : : ; 2k − 1 (each is a Hamiltonian cycle because n is relatively prime to each of them) -in the ith color class, i=1; : : : ; k −1; the triples are, for all j=1; : : : ; n: (j; j+2i−1; j+s); s=2i; : : : ; 4i−3; (j; j+2i−1; j+t); t=4i−2; : : : ; n=2; t even; (j; j +2i −1; j +u); u=n=2−2i +3; : : : ; n=2−1; u odd; everything taken modulo n. The kth class has all the remaining triples. The important property is that if n is large, some odd chords of length between 4i and n=2 − 2i are covered only by one triple, and become uncovered (isolated) if we remove a vertex. Strong connectivity is ensured by the triples (j; j + 2i − 1; 4i − 2):
